Session 4.4

Optimal Taxation Without Commitment

Put a government into Deck 4.1’s economy: a tax rule on the whole distribution, a

Markov-perfect fixed point in rules, and the algorithm'that finds it

CLEAR
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FORECAST
aggregate risk

PROPAGATE
cohorts; risk

GOVERN
taxes; no commitment

Zhigang Feng
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Where Decks 4.1 and 4.2 Stopped

v

Deck 4.1, a household: x;.; taken as given

X _-

this deck, a government: it sees dx¢41

Deck 4.1: the histogram x and its matrix D,
rebuilt at every date inside the graph. A
household is atomistic: it takes x;1 as given.

Deck 4.2, Argument 1: a government that
chooses its tax every period needs dI" /dr,
and only a law of motion in the graph supplies
it. Here 7 is a function of x, so households
respond to it through x.

This deck puts that government into Deck
4.1’s economy.

One object is the state, the law of motion
and the gradient’s path.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary; Decks 4.1 and 4.2.

Al for Economic Research: Dynamic Models, Language, and Agents

PRELIMINARY - DO NOT CIRCULATE Session 4.4 2/38



The Question: a Tax Nobody Can Promise

economy — equilibrium — difficulty — algorithm —  checks = — findings

» Under commitment the long-run capital tax is zero in the classic models: promise not
to tax capital, and people save.

» Capitalin place is an inelastic base. A government that chooses afresh each period is
tempted to tax it; savers know it.

» Without commitment the problem is a game between today’s government and its
SuCcessors.

» The answer is a rule on the whole distribution, 7(T"): not a number, not a function of a
few moments.

» Sought: the tax a government chooses when every successor will choose by the

same rule.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary; Chamley (1986); Judd (1985); Klein, Krusell & Rios-Rull, RES
(2008).
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Session 4.4

The Economy and Its Equilibrium

Deck 4.1’s households, a government that taxes'and cannot commit, and a fixed

pointin rules

CLEAR
one market

FORECAST
aggregate risk

PROPAGATE

cohorts; risk taxes; no commitment

GOVERN
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Households

» Asin Deck4.1: € redrawn every period (i.i.d.), Q = 5 Gauss-Hermite nodes (¢4, pq),
net of depreciation. A household maximises

o) [1+9/ yl—a
Z u(ce It, Ge), U(c,1,6) = U<C - ¢1 ) + 79 logG, uly) = )
— + 6, 1—0
subject to
Ct + i1 = [1 + (1 = Ttk) I’t] ar + (1 = 7’1{) we et ly, ey > 0.

» 7 taxes capitalincome, 7! labour income; G is a public good, valued with weight Yg-
» G enters additively, so it changes no household’s choice: only the taxes do.

» Hours still carry no wealth effect: the Frisch elasticity is 1 /6, = 3.125.
Source: Feng, Han, Sargent & Zhu (September 2026), preliminary. 8 = 0.95,0 = 2,0, = 0.32,¢; = 1.5,0- = 0.2.
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Firms, a Balanced Budget, Market Clearing

— " > Firm: ¥ = KL=, r — a(k/L)> 1 — 5,
x w w = (1- a)(K/L)%

» Government: picks (7, 7!) and balances its

G LHE budget every period, G = 7rK + 7!wL.
» Markets: K = ) . x;a;, L = E[e [(¢)], exactly; the
government . ~
(7, 7) histogram moves by x;,; = x; ;.

» No bonds and no commitment technology:

no bonds: G is whatever today’s government cannot bind its successors.
the taxes raise this period . . . .
» Gis aresidual, not a choice: two instruments,

one budget, every period.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary. o = 0.34, 6 = 0.06.

Al for Economic Research: Dynamic Models, Language, and Agents PRELIMINARY - DO NOT CIRCULATE Session4.4 6/38



The Distribution, Approximated by a Histogram

Xi mass x; sits at the midpoint a; » N = 140 bins on [0,16], midpoints
narrow bins near the limit, a; < --- < ay;the state is the row vector
wide bins in the tail X = (X1, NV ,XN),Xi >0, Zixi = 1.

» Aggregates are sums: K = ) . x;a;.

» cisi.i.d.: Q = 5 Gauss-Hermite nodes
. | (eq,pq) integrate it, so x needs no e
ai assets a dimension.

» The government’s state is these N
numbers.

Source: Feng, Han; Sargent & Zhu (September 2026), preliminary; as in Deck 4.1. The grid is fixed once, from the classical
benchmark.
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The Law of Motion x;, | = xﬁ)t, Built Entry by Entry

At date ¢, for every source binj and node g

1 saving at the midpoint: agjq = go(eq, i3 X¢), keptinside [a;, ay]
!

a; ., — a;
2 bracketit, a; < a;;, < @41 Withj = ji¢ jq, and weigh the upper neighbour: wy g = %
j+1 — 4j
3 send pg(1 — wy,ig) of bin i’s mass to binj and pg wy jq to binj + 1 (Young’s lottery)
Q N
ey = pg [(1 — weig) W' =Jeigt #0tig 1 =jtig+ 1},  Xerrj = D Xei Pej.
g=1 i=1

» Row i says where bin i’s households go: rows sum to one, so mass is conserved.
» Exactin the mean: Zj, Dy Q= Zq ané,fq» so K¢11 equals what households save.

» ®; moves with 0 and with X¢, through o’: it is rebuilt at every date, and w is linear

in d/, so'it can be differentiated.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary; Young, JEDC (2010); Deck 4.1. N x Q network calls per date;
no simulation, no sampling noise.
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Household Conditions

v

Saving: the Euler condition with the limit, equality whenever a’ > 0,

/ k / [1+6[
0 ) 2 FEA L+ =) ] U0 | oy =i

Hours, in closed form:

(1-7 W6)1/91
Yy '

Tomorrow’s capital tax sits inside today’s saving decision: expectations about

successors move the economy now.

Hours contain noa. Given 7/ and K, labour L, both prices and both tax bases are fixed,

whatever the shape of x.

Under GHH the marginal utility of consumptionis v’(y), so U. = U/(y) in every

condition below.

A—rhwe=p 0 = 1(5):(

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary; Greenwood, Hercowitz & Huffman, AER (1988).
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State, Rule, Timing

onerule A(-) at every date

[ gov'tt ] [gov’tt+1] [gov’tt+2]

A

EN RN E

taxes move saving, and saving moves x

State: (e, a; x) for a household; x alone for the
government.

AMarkov rule’ A(x) = (7%(x),7(x)), with
G(x) from the budget: no calendar time, no
history.

Every government, at every date, uses the
same rule, and that rule is the unknown.

Households take a perceived rule A and law of
motion ® as given, and best-respond.

The Markov restriction, not foresight, is
what makes the rule time-consistent.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary; Klein, Krusell & Rios-Rull (2008).
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The Two Problems

(P-1) Household. Given prices, G, the perceived rule A and X, = x&),

V(e,a;x) = max {U(C, [,G) + Bqu/ V(ey, a/;x+)}-
q/

0<a’

(P-2) Government (Deck 4.2’s V6). Given the successors’ rule A and its value I,

W(x) = max{zx,pq (Cig» la» 6) + BW(x4) },

5T

subject to the budget, prices, the household’s conditions at every node (aj, ¢4), and
X, = x.
» Welfare is utilitarian: each node counts by its mass xjpq.
» The asymmetry: the household takes x ; as given; the government is not atomistic

and sees how its choice moves x , .
Source: Feng, Han, Sargent & Zhu (September 2026), preliminary; Klein, Krusell & Rios-Rull (2008).
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Markov-Perfect Equilibrium

one rest point

7¥, three starts

date t

» A Markov-perfect equilibrium: saving and

value functions, prices, a rule A with value W,
and perceptions, with

(a) households solving (P-1); (b) A(x) solving
(NP-Z) at every x; (c) perceived = actual: A = A,
W = W, ® from households’ saving; (d) markets
clearing.

No aggregate shocks: from any x, taxes and
aggregates must settle to constants.

A sharp test: paths from different starts must
meet.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary. Schematic curves: direction and shape only.
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Three Computational Challenges

Challenge Deck 4.2’s methods Here

the distribution is a learned moments of a panel; a Deck 4.1’s histogram, and

state histogram; a history of shocks quadrature for e

inequality Fischer-Burmeister: two inequalities ~ the same, at every node, priced by

constraints become one equation a penalty

strategic interaction  none of the three has a government  Deck 4.1’s matrix, with the gradient
that re-chooses passed through it

» Simulating I'y works when nobody acts on the distribution; with a player who does, it
breaks the forward and backward passes (Deck 4.2, Argument 2).

» Deck 4.1 settled the first row. This deck takes the other two, then asks: is the
answer right?

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary; Maliar et al. (2021); Azinovic et al. (2022); Han, Yang & E
(2026).
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Implementability: One Equation per Household State

» Atevery node (aj,e4) the government must respect the Euler condition with the limit,
as one equation:

FB(191,192) =% + 1 — \/?9% + 19% + 772 =K Eiq = FBiq/u’(y,-q),

I =u(y) =B pg[l+ Q- TK&)) rx)] U (yrg), Y2=d.
-

» FB = 0 when both are non-negative and one is zero; n = 10~*. E is a relative Euler
error.
» d'is the saving after the clamp, as the budget and d use it (Deck 4.1: pre-clamp a).
» Tomorrow’s tax is the perceived rule 7%, at the x,. today’s saving produces.
» The function is held fixed; the state it is evaluated at is not. There the strategic
channel lives.
Source: Feng, Han, Sargent & Zhu (September 2026), preliminary; Maliar, Maliar & Winant (2021).
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Session 4.4

The Ingredients and the Algorithm

Three networks, one penalised objective, a rollout through the matrix, and a frozen

copy of the future
CLEAR FORECAST PROPAGATE GOVERN
one market aggregate risk cohorts; risk taxes; no commitment
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Three Trained Networks

Network Input Out Head
saving gg (e,0,x) 1 Deck 4.1’s change head,a = a + D(2s — 1),
a’ = min{max{a,0},a}
taxrule 7 x 2 a sigmoid times a cap: 7% = £, o (),
TI e Txlnaxa(')
aggregate value V/, X 1 linear: the government’s value beyond the rollout
household critic V, (g,0,x) 1 Deck 4.1’s critic: loaded, not trained here

» Each: two hidden layers of 256 rectified-linear units. The tax rule reads the whole
histogram, so it can respond to its shape.

» The saving network reads x, not the tax: in equilibrium the tax is itself a function

of x.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary. D = 1.3, as in Deck 4.1.
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The Government Chooses the Allocation Too

» Deck 4.1 trained saving on the household’s

government’s loss g ;
own Bellman equation. Here it learns only

/ \ from the government’s loss.
» The government picks the tax and the saving

tax 7 saving g rule; E = 0 makes it one households would

\ / choose.

» The primal approach of Ramsey taxation,
Eiq = 0 at every node: with a Markov government in place of a

households would choose it committed one.

one backward-pass, » Therule is the households’ only as far as

two gjsmiser steps the penalty drives E to zero.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary; Chari & Kehoe, Handbook of Macroeconomics (1999), ch. 26.
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The Tax Rule’s Head Decides What Can Be Learned

» 7K(X) = 7K iS50, 57 = 0 (£(X)), £ the last layer:

barrier . C B
its slope carries 77 S+ (1 — s7).

» Atthecap,s; — 1 and the gradient vanishes. A
constant tax is a trivial fixed point: the run looks
converged.

barrier » Remedy one: a cap Tmax Wide enough for an
0 — \ \ interior optimum. A solver setting, not

=5 0 5 q
economics.
argument of the sigmoid

» Remedy two: a hinge barrier, zero inside,
By = [(0.02 —s:)% + (s; — 0.98)3 ].
» Afloor under the gradient wherever 7 lands,

or the rule cannot learn to respond to x.
Source: Feng, Han, Sargent & Zhu (September 2026), preliminary.
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Perceived Equals Actual: the Frozen Copy

hard copy every 10 iterations » The frozen copy supplies 7 (x ) and g inside
Y1, and V(xr) at the end of the rollout.
live frozen » Inside one step these perceptions do not
9o, Tpr Vx g oV move: they are targets, not parameters.
» Copying the live networks into the frozen ones
the perceived future imposes consistency: perceived = actual.
today’s choices are trained; » Itis Session 3’s target network, now used to
tomorrow’s rule, saving;and reach a fixed pointin rules.

value are read from-the copy
» At convergence the rule the government

expects of its successors is the rule it plays.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary; Session 3, Bridge (3): the Household’s Actor—Critic.
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The Loop in One Picture

1 draw a 2 roll for- 3 residuals at 4 step 0 and
batch of x° ward T dates every (i,q,t) pon L,

7 sync the o

» Steps 1-4 run four times per iteration, each on a fresh batch; steps 5-7 once, or at
longer intervals.

» Steps 2-4are one forward and one backward pass through T = 30 matrices.

» No outer loop: the fixed point in rules is reached by training and synchronising.
Source: Feng, Han, Sargent & Zhu (September 2026), preliminary.

Al for Economic Research: Dynamic Models, Language, and Agents PRELIMINARY - DO NOT CIRCULATE Session4.4 20/38



Step 1a: Sampling Distributions From a Band

the band and its two extremes

i = —— anchorp
5 ke - - - lowest K

mass

—-—

two draws

—— on achord

mass —— bin by bin

assets a

Around an anchor p, each bin may move by
asharev, pj(1—v) < x; < pi(14v) (thin
lines); the total stays one.

Chords: free mass to the richest, or poorest,
bins gives the highest, or lowest, K. Draw K
uniformly on the line from p to that extreme.

Bin by bin: each x; uniform in its interval,
projected back to mass one: every shape,
little range in K.

Chords give reach in K, bin-by-bin draws
give shape: the rule learns only where it is
sampled.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary. Schematic: an illustrative anchor on 24 bins, v = 0.35.
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Step 1b: The Band Follows, and the Policy’s Own Orbit

shape » x°,e = 1,...,E: abatch of starting
the policy’s own orbit histograms, one rollout each. Half come from
the band (Step 1a).

/—\\ » Anchorp; o x*e"%, moved every 10 iterations
halfway to the classical K* at current taxes: a

:r ******* . taxing government moves both.
e | » Half from an orbit: every 20 iterations,
the band re-centres x < x®(x; 0) for 60 steps, no gradient, plus

the rule’s own stationary x.
mean, K

» The band covers off the path; the orbit is
accurate onit.
Source: Feng, Han, Sargent & Zhu (September 2026), preliminary.
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Step 2: Roll Forward T Dates

From one sampled x) = x%,fort =0,..., 7T —1

1 Ke = >, X0 taxes (74, 7{) = 74(x¢); hours lg, then Ly, re, we: no price loop

saving agy,q = go(eq, 0j; X¢); consumption c; jq from the budget; y: jq

revenue Ge = Y, . Xt,iPq [rErea; + miweeqly]

flow welfare Ur = 3=, Xt Pq [U(Veiq) + 7g10g(Gr +-1072)]

build ®; from the aaiq by Deck 4.1’s lottery; X1 = X:®¢, kept in the graph
T—1

W(x%;0,¢) = Z BLU: + BT V(x7), V the frozen copy, a constant.

t=0

au b W N

» Deck 4.1’s rollout, with a tax at every date, the public good in welfare, and the
matrix left in the graph.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary. T = 30; utility floored far below any value reached, to
guard the logarithm and the power.
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Step 3: The Constraint at Every (/, g, t), and Its Three Channels

direct: 1+ (1 —7%)r,

—> prices: K. — ry

strategic:
Xy — 7(x4)

each moves 94 all
three stay in the graph

>

At each (t,/,q) and batch member:

Et,iq = FB(791, ﬁg)/u’(yn,-q).

Inside : x4 from the live saving rule; 7 and
g from the frozen copy at x, .

Deck 4.1 held a household’s continuation
fixed: it is its own marginal value (the
envelope theorem).

Here 14, is a constraint: no envelope
theorem, and dropping a channel stalls the
penalty.

The strategic channel, x, — 7%(x_ ), is the
one no household sees.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary.
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Step 4: The Government’s Loss

— p —
ﬁp(a (b) =-W+ Z 5txt,ipq |:,Ut,int,iq + iEtZJq] + Bfeas + BO’(Xe) + KbandBband
t7i>q

» Anaugmented Lagrangian, multipliers ;. As run, o = 0: a pure quadratic penalty, weight p.
» Weights 3'x; jpq price each residual by its mass; Beas, same weights: [(—¢)4 + (—y)+]|/107%.

» Bpand = Zt ,Bt Z/ [(p,(l = V) = Xt7,‘)+ -+ (Xt7,' = p,(l + V))+], Kpand = 20: rollouts stay in the
trained region.

> B, =3, [(0.02—5.)2 + (s, — 0.98)2 ], s, = T/Timax, at the sampled x®: zero inside, it keeps
the sigmoid’s slope alive, so the rule cannot freeze at its cap.

» No gradient through the weights, the u’(y) dividing E, or V(x7); one backward pass, one Adam
step on 6 and one on ¢.

» Everyterm but — W is a solver device; the economicsis —W and E = 0.
Source: Feng, Han, Sargent & Zhu (September 2026), preliminary; Nocedal & Wright, Numerical Optimization (2006), ch. 17.
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How a Network Responds to the Distribution

» The N bin masses enter the first layer like any other input. For the tax rule, two hidden
ReLU layers:

TH(X) = Tha 0 (Lo(X)),  Ly(x) = wy ReLU(Wo ReLU(Wix" + by) + bs) + bs.
» Its response to the mass in bin i, with D1, D, the diagonal masks of active units:
a7k
aXd') = Tll;ax O'/(f(z)) [W;D2W2D1W1]
I
» Mass sums to one, so only moves count: § from bin j to bin i changes 7 by
§ (9Tk — ;7). Arisein K is one such direction; a mean-preserving spread is another.
» The saving rule gy(z, a;; x) and the value V, (x) read x the same way.
» Ot/0xislearned, not imposed: it is how the government answers inequality, and

it enters every saving update.
Source: Feng, Han, Sargent & Zhu (September 2026), preliminary. Two hidden layers of 256 units; 7/ has its own output £.

e
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Updating the Tax Rule, One Date at a Time

T—-1

oL, oL
V¢£p = Z |:a k V¢ ¢(Xt) 787’? V¢T¢[)(Xt)] + V¢BU,
8Ep ¢ ’YgKt 8Et lq
aftk:_ﬁr[ Ge + 1073 th,pq Ueig@ }+pzq:5xt,pth,q ok

value of revenue
cost to households

» gg does not read 7, so x; does not depend on ¢: each term sits at one date, at the x;
reached.

» The bracket is the flow trade-off, node by node; the penalty enters through today’s
u'(y)in .

» Adam pushes 7, toward this condition at every x visited: the rule learns its

response to the distribution only where the sampler and rollouts take it.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary. r net; OE/OT{‘ through v’ (y,iq), the divisor held fixed. 7l
the same form, plus terms through hours, L, r, w.
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Updating the Saving Rule: Through the Law of Motion

~ ~ ~ B ax
Xt 1 = X¢ Oy, Pt = ¢(ay), 0t iq = 9o(eq, Gi; Xt), TGO =0.
) dx; ~ oDy OD¢ dxy
— g ot —
d0 dg Ct T Xgg t Xtk do
~—— —a

displaced mass, carriedon  where today’s mass lands  the saving rule reads x;

» Product rule on x@t, then chain rule: ®; moves with ¢ directly and through x;.

Parameters The gradient reaches them through

saving 6 consumption; the three terms, date after date; the taxes at each x;; the channels of ¢,
taxrule ¢ the budget; G in welfare; u’(y) in E. Never x : gy does not read 7

neither V(x7): the frozen copy, a constant

» Through 0, the gradient runs back along every (f)t; through ¢, only within the date.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary. 0&)/00/ is the lottery’s slope, £1/(aj+1 — @;), zero where
the clamp binds; the third term contracts over x;. Autograd runs the same chain in reverse.
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Updating the Saving Rule: What the Distribution Sends Back

dl, Ot < Ol OXtt1
=22 = 2y (Ao ) = Ar =0,
dXt c‘)xt el 8xt+1 t ‘ aXt r
o, oy . 0%,
VoLl, = [ ()\ )x —}, 4y . date t’stermsof £,.
(a ; 0 1 Bxes ) X o0 ‘ ’
In 94;/ Ox: who sits where, 37 pgUig; prices via K; the tax rule’s answer 97 /0x¢; go’s input
In 04/ 0X¢11 inEe: 7 (Xe41), r(Xe41), §(-; Xer1): the strategic channel

» Thetaxrule’s answer reaches 6 twice: through 7, (x¢) along the path, and through
T(X¢+1) in each Euler residual.

» The saving rule is updated knowing how the tax will answer the distribution its
own saving creates.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary. The previous page run in reverse: one backward pass,
dx¢/df never formed. Penalty weights held fixed: “who sits where” enters through welfare only; V(xr) sends nothing back.
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What Is New Here

the state who acts on x the gradient through x’s
motion
Krusell-Smith; Deck4.2  mean, moments, nobody: households one period, or a household
histogram, shocks take it as given panel
Markov taxes, one agent K a government no distribution
HA taxes, commitment a given xo a government, once a path of taxes, not a rule
this deck the whole histogram = a government, every T dates, with 97 /0x inside
date

» Without commitment the tax is a function 7(x); with commitment, a path chosen once.

» To the authors’ knowledge, the first time-consistent tax rule computed on the
whole distribution as the state.

Source: Feng;Han, Sargent & Zhu (September 2026), preliminary. One agent: Klein, Krusell & Rios-Rull (2008). Commitment:
Bhandari et al. (2021); Dyrda & Pedroni (2022).
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Steps 5 and 7: Refit the Value Beyond the Horizon; Sync

v

Targets, every 20 iterations, at fresh band draws x. As run, flow welfare held forever:

) = 100 0) = Y P Ui
iq

» Fit, every iteration: 20 Adam steps on mean[V, (x) — V(x)]?, batches of 256, after a
long prefit.
» Sync, every 10 iterations: gy, 74, V, copied into g, 7, V. A hard copy, not a moving
average.
» Beyond T the economy is valued as if it stayed where the rollout ended; at 37 ~ 0.2
that term is not negligible.
» V supplies a level at the horizon, never a gradient; the rollout supplies the
gradient.
Source: Feng, Han, Sargent & Zhu (September 2026), preliminary.
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Step 6: The Penalty Weight Follows the Residual

i » Each iteration, read E*'; the mass-weighted
! mean of |E| on a fixed test batch.
—\ » Grow, p +— min(1.015p, 10%), if the loss stalls
(JAL/L]) < 1%) while E*t > tol and not
feasible: improving.
decay

grow on plateaus

i » Decay, p < 0.99p, once 5 of the last 10 reads are
‘ below tol.

» Learningrates scaled by 1//1+ 0.1p.

» Measure tol at the solution: below what is
reachable, p grows without end.

iteration

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary. Schematic curves: direction and shape only.
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The Algorithm

Taxation without commitment, as a trained fixed point

warm-start gy from the no-tax solve; tax rule near zero; prefit V, ; copy all to the frozen set
four times: draw x¢, half band, half orbit (step 1)

roll forward T dates, &)t in the graph; form W and every E't7,~q (steps 2-3)

one backward pass of £,; one Adam step on ¢, one on ¢ (step 4)
refit V,; every 20 iterations new targets and orbit, every 10 a moved anchor (step 5)
update p and the learning rates from the test-batch residual (step 6)
every 10 iterations: frozen <« live, “perceived = actual” (step 7)
stop at the iteration budget, or early if the Euler error blows up; keep the best checkpoint

o ~No gk N

» Each line is Deck 4.1’s machinery or Session 3’s target network. What is new is
who owns the loss.

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary.
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What the Gradient Requires

Requirement How it is met

a differentiable transition lottery weights piecewise linear in o’ (Deck 4.1); kinks of measure

zero
no sampling noise quadrature over g, every asset node: a deterministic loss
a gradientin the tax rule the barrier keeps the sigmoid off 0 and 1
a gradient at the limit 95 = a’ and the smoothed root keep constrained nodes live
memory for the graph T dates of N x Q evaluations, N x N matrices, next-date copies in 9,

» Tisabudget. Beyond it, VV adds a level and no gradient.
» Lab block B: derivatives through up to twenty lottery steps match finite differences to
2 x 10719,
» Every row is a place where a gradient can vanish without an error message.
Source: Feng, Han, Sargent & Zhu (September 2026), preliminary; the lab, block B.
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Session 4.4

What the Rule Does Along a Path

Start the trained economy from different distributions and let the tax rule, saving

and prices run

CLEAR
one market

FORECAST
aggregate risk

PROPAGATE

cohorts; risk taxes; no commitment

GOVERN
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At the Same Capital, Inequality Alone Moves the Tax

(a) Fo: same Ko, different inequality

(b) aggregate capital

0.0672
0.0670
£ 0.0668
0.0666

0.0664

(<) the interest rate

0.2750
0.2725
02700

. 0.2675

)

™,

0.2650

0.2625

0.2600

02575

(d) the tax it designs

200 400
t

600

Five starts I'y share one K and differ only in inequality (a). At date 0, hours, prices and both tax

bases are identical.

The more unequal start is taxed less on impact (d); its capital overshoots further before

returning (b, c).

Every start converges to the same I'* and the same long-run tax.
A property of the trained rule: why it responds to shape is not yet settled.
Source: Feng, Han, Sargent & Zhu (September 2026), preliminary. Simulated with the trained Stage 2A networks.
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At the Same Inequality, More Capital Means a Bigger Opening Levy

0.0175

0.0150

0.0125

0.0100

density

0.0075

0.0050

0.0025

0.0000

() To: same spread, different Ko

(b) aggregate capital

0.072

0.070

0.068

& 0,066

0.064

0.062

(€) the interest rate

-

0.7

(d) the tax it designs

——

°

0 50 100 150 200

t

» The mirror experiment: the spread is held and Ky moves (a). Now the tax base moves too, and

the tax responds far more (d).

» The levy is transitional: capital and the interest rate return (b, c), and every start reaches the
same long-run rate.
» A cap that never binds at the rest point can still censor the path: size it for the levy.
» Without commitment: tax the capital inherited, then settle down.
Source: Feng, Han, Sargent & Zhu (September 2026), preliminary. Simulated with the trained Stage 2A networks.
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Bridge: the Lab, and Session 5

Lab, Part I: the classical benchmarks of » Cost: GPU-hours, not seconds. Stage 1B
Decks 4.1-4.3. alone took about 2.9 GPU-hours, against 30
Blocks D, E: Krusell-Smith by Deep CPU-seconds for Stage 1A.

Equilibrium Nets and in the sequence

» It buysrules on the whole distribution, and
the path from any start in the sampled
region.

space.
Block F: the OLG economy, a
market-clearing layer and a homotopy. R
» Nextin the research: aggregate shocks,
conditioned on (z,Z’); then persistent e.

» The lab trains the Deck 4.2 and 4.3
networks in PyTorch, each graded by a
gate fixed before the run.

This deck: a government that
differentiates through T".

Source: Feng, Han, Sargent & Zhu (September 2026), preliminary; the Session 4 lab.
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